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The purpose of this paper is to study in detail the problem of defining unitary 
Q ■ evolution for linearly polarized x and Gowdy models (in vacuum or coupled 

O^' to massless scalar fields) . We show that in the Fock quantizations of these systems no 

5—1 [ choice of acceptable complex structure leads to a unitary evolution for the original 

variables. Nonetheless, unitarity can be recovered by suitable redefinitions of the 
^ basic fields. These are dictated by the time dependent conformal factors that appear 

^ ■ in the description of the standard deparameterized form of these models as field 

, theories in certain curved backgrounds. We also show the unitary equivalence of 

I the Fock quantizations obtained from the S'0(3)-symmetric complex structures for 

which the dynamics is unitarily implemented. 



(N 



O 



PACS numbers: 04.62. +v, 04.60.Ds, 98.80.Qc 



X ■ I. INTRODUCTION 

Gowdy models [H, 0] are interesting U{1) x f/(l) symmetry reductions of (1 + 3)-generaI 
relativity that have been used for a number of years as test beds for quantum gravitational 
techniques 0, i, H, 0, 0, S, S, M, M, H M, M,M,Mi- They are receiving a lot of 
attention these days as the next arena to test loop quantum gravity. In this sense they are 
the natural continuation of the minisuperspace reductions considered so far in loop quantum 
cosmology. The fact that they can be exactly solved classically and admit a simple enough 
Hamiltonian description after deparameterization (see [13] for a rigorous classical treatment 
of these models coupled to matter scalar fields) makes them very attractive from this point 
of view. 

One of the most striking features of the Fock space quantization for the Gowdy T'^ model 
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is the impossibility of defining a unitary quantum evolution operator when the system is 
written in the natural field variables usually employed to describe it as a (1 + 2)-dimensional 



field theory [10|, Nevertheless this is not an unsurmountable problem because it is 

possible to introduce a time-dependent field redefinition that leads to a unique (up to unitary 
equivalence) quantization, with unitary time evolution, when one demands invariance under 
the residual U{1) symmetry [H, H, la . 

The purpose of this paper is to study the problem of the unitary implementation of 
dynamics as a natural extension of the previous literature devoted to the vacuum Gowdy 
model. The proposed generalization is two-fold. On one hand we will deal with the remaining 
topologies admissible for the compact Gowdy models, i.e. the three-handle §^ x and the 
three-sphere S'^. On the other hand we will consider the addition to the models of certain 



matter fields -massless scalars- symmetric under spatial isometries [18|. Here we will closely 



rely on the results of [17 



Our starting point is the interpretation of the compact Gowdy models in the different 



topologies as scalar field theories in very specific curved backgrounds. As shown in [17| all 
these models can be reinterpreted as given by the evolution of massless scalar fields in some 
geometric backgrounds that are conformally equivalent to the simplest metrics that can be 
defined on each of the relevant (1 + 2)-dimensional space-time manifolds. In particular, for 
the case, the metric is just the flat metric on (0, oo) x whereas in the x §^ and 
examples the metric is the Einstein metric^ on (0, vr) x S^. The corresponding conformal 
factors are simple functions of t {t and sint respectively). We will use here this description 
to gain useful insights on the problem of the unitary implement ability of quantum time 
evolution. 

As a first step towards this goal we show, by a direct argument, that no choice of S0{3)- 
invariant complex structure leads to unitary quantum evolution in terms of the variables 
in which these systems are naturally written^. The way out of this seemingly unavoidable 



obstruction to quantization is to introduce a time- dependent field redefinition as in [13 
in fact, by a simple re-scaling of the scalar fields involving precisely the conformal factors 
mentioned above we can get a well defined and unitary quantum evolution not only in the 
model but for the other topologies as well. A way to understand what is going on is to 
realize that the singular behavior introduced by the conformal factors is translated, in terms 
of the redefined fields, into the behavior of a singular, time-dependent, potential term for the 
re-scaled fields. Time evolution can now be implemented unitarily as a direct consequence 
of the fact that, in spite of being singular at some instants of time, these potentials are 
sufficiently well behaved as functions of the time variable in a definite sense that will be 
explained below. We also show the uniqueness -modulo unitary equivalence- of the Fock 
quantizations that allow the unitary implementation of the dynamics. 

The paper is organized as follows. After this introduction we will study in section [TTl the 
canonical and covariant phase space descriptions of x and S'^ Gowdy models coupled 
to massless scalar fields, as well as their classical dynamics. This is done by writing the field 



^ In the S'^ case this is a non-trivial result 17| that is found by carefully considering the relevant regularity 
condition for the fields. 

^ In the vacuum Gowdy T'^ model this result is a direct corollary of the uniqueness theorem appearing 
in 16[. Here we will concentrate on the remaining topologies. Similar results for Gowdy T"^ coupled to 



massless scalar fields can be derived by our methods in a straightforward way. 
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equations with the help of a certain background metric. We also discuss the appropriate 
mode decomposition of the fields. Section [TTll is devoted to several issues related to the 
Fock quantizations of these systems. In particular, we obtain different (in general unitarily 
nonequivalent) Fock representations for the canonical commutation relations characterized 
by a two-parameter family of S'0(3)-invariant complex structures. Section HVl deals specif- 
ically with the discussion of unitarity for the topologies considered in the paper. Whereas 
it is not possible to implement in a unitary way the linear symplectic transformation asso- 
ciated to the time evolution for the original variables, we show that a suitable re-scaling of 
the fields dictated by the conformal factor of the background metric leads to unitarity. This 
quantization is unique up to unitary equivalence. We also show here that despite having a 
well-defined and unitary quantum dynamics the action of the Hamiltonian operator is not 
defined on the Fock vacuum. This result is analogous to the one found by the authors of 
13l | in the case. We end the paper in section |V] with several comments and a discussion 
of the results. 



II. REDUCED PHASE SPACE AND CLASSICAL DYNAMICS 

We discuss in this section the reduced phase space and the classical evolution for the 
Gowdy models -in vacuum or coupled to massless scalars- corresponding to the §^ x §^ and 
S'^ topologies. The dynamics of the local degrees of freedom that parameterize the reduced 
phase space in both cases [l7| can be described by the same simple field equations^. These 
can be written as wave equations with the help of a certain auxiliary globally hyperbolic 
space-time background ((0, vr) x S^, cjab) and an extra symmetry condition: invariance under 
the diffeomorphisms generated by a Killing vector field cr" of gab- Explicitly the metric gab 
is 

gab = sin^ t[-{dt)a{dt)b + 7afe] , (2.1) 

where 'jab is the round unit metric on the 2-sphere Using spherical coordinates {6, cr) G 
(0,7r) X (0,27r) on 

gab = sin^ t[-idt)aidt)b + ide)aide)b + sin^ e{da)aida)b] , 

and the Killing field cr" is simply {d/daY. 

The field equations can be derived, by imposing the additional symmetry condition 
= (i = 0, . . . , A^) on the solutions, from the action 

1 ^ /■ / \ 

= oY. dt / 171'/' sin t 02 + 0, As20i . 



^ In the following we will not consider the dynamics of the global modes because it is irrelevant to the 
quantum unitarity issues that we want to discuss in the paper. They can be quantized in a straightforward 
way in terms of standard position and momentum operators with dense domain in L^(]R). 
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Here and in the following (p := d(j)/dt, A§2 is the Laplace-Beltrami operator on the round 
sphere and C denotes the Lie derivative. As shown in [13] one of the scalar fields, say 
encodes the local gravitational degrees of freedom and the remaining ones, (pi, i = 1, . . . , N, 
describe the matter modes added to the Gowdy models. As we can see they completely 
decouple in this description^ because, at variance with the case, no extra constraint 
remains. Owing to this fact we omit in the following the i index whenever it is not necessary 
to explicitly separate gravitational and matter modes. 

A. Canonical and covariant phase spaces 

We start by explicitly writing the linear space of smooth and symmetric real solutions to 
the massless Klein-Gordon equation of motion as 

S := {<pe C°^((0, tt) X §2; M) | ^'V^V^^ = 0; C^<P = 0} (2.3) 
= {0 G C°°((0,7r) X §2;K) |0 + cott0- As20 = 0; £^0 = 0} 

endowed with the (weakly) symplectic structure fl induced by (12.21) 

n(0i,02) := sint^^ |7r/\*(020i - 0102) . (2.4) 

Here Zt : S"^ ^ (0, tt) x denotes the inclusion given by «j(s) = (t, s) e (0,7r) x It is 
straightforward to show that Q does not depend on t. We will refer to the symplectic space 
r := {S, Q) as the covariant phase space of the system. 

On the other hand, we will denote the canonical phase space as T := (P,ci;). This is 
the space of smooth and symmetric^ Cauchy data [Q, P) G P endowed with the standard 
symplectic structure 

o;((Qi,Pi),(Q2,P2)) := / |7r/'(Q2Pi - Q1P2) . (2.5) 

Given any value of t, the bijection : T — ^> F, that maps every Cauchy data [Q, P) to 
the unique solution G iS such that 0(t, s) = Q{s) and {smt)(j)(t, s) = P{s), is a linear 
symplectomorphism u = . 

Elements in the linear space S can be expanded as^ 

00 

0(t, s) = J2 {aMt)ym{s) + aeye{t)Yeo{s)^ , (2.6) 

£=0 

where Y^o denote the spherical harmonics that, in the standard spherical coordinates, have 



^ Notice that, in spite of the apparent simphcity of the reduced phase space description, the fuU (3 + 1)- 
dimensional metric that solves the Einstein-Klein- Gordon equations depends both on the gravitational 
and scalar modes in a non-trivial way |l7| . 

5 Using set theoretical language P := {{Q, P) e {S'^;M.) x {S^;M.) \ C^Q = CaP ^ 0} . 

^ The bar denotes complex conjugation. 
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the form 

in terms of Legendre polynomials Pe, and satisfy the equations 

As2r,o = -iii + l)Ym , C^Y,o = . 

Notice that, modulo a global constant that we absorb in the functions yi, we have no other 
freedom in the choice of the angular part of the modes (f>eit, s) = y£{t)Yio{s) . The coefficients 
ae must be subject, of course, to appropriate fall-off conditions in order to guarantee the 
pointwise convergence of the previous series. We also need a suitable norm in this space to 
talk about convergence. Though it is possible to detail at this stage the necessary structures 
and conditions we will not do so because the final construction of the quantum Hilbert 
space that we carry out is insensitive to these choices. Notice that (12.61) . where only the Y^o 
harmonics appear, already takes into account the extra symmetry in the a"' direction. 

The massless Klein-Gordon equation leads now to the following equation for the complex 
functions ye(t) 

ye + {cott)m + i{i+l)yi = 0. (2.7) 

We will always assume that, for each £, the real and imaginary parts of ye, ue and 
respectively, are two real linearly independent solutions of (12.71) . We will not make at 
this point any specific choice for these functions but we will fix their normalization in the 
following way. Let us substitute first (12. 6p in the symplectic structure Q. We find that 

oo 

^{(j)i,(j)2) = sint^(ai^a2^ - a2iau){yi{t)y(,{t) -ye{t)ye{t)) . 

£=0 

The previous expression can be simplified by first expanding ye{t) = U£{t)+ive{t) and writing 
ye{t)m - mm = 2^ det ^{r^ ^ =■. 2W{t- n,, v,) . 

As a consequence of the fact that yi satisfies the differential equation (12. 7p the Wronskian 
W satisfies 

W + {cott)W = O^W{t;Ui,ve) = , qgM, 

sint 

and hence the symplectic structure has the simple expression 

oo 

n(0i, 02) = 2i ^ Ci{aua2e - a2tau) . (2.8) 

Notice that the time independence of the symplectic structure is explicit now. In the fol- 
lowing we will choose the pair of functions {u£,V£) normalized in such a way that q = 1/2, 
V£, i.e. 

W^(t;n,,i;,) = ^J^, y{ue,ve), ieNU{0}. (2.9) 

This condition is imposed in order to ensure that the modes {0^}^g define an orthogonal 
basis of the one-particle Hilbert space on which we will construct the Fock space for the 
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quantum theory. 

With the aim of characterizing the freedom in the election of the functions y^, let us fix 
a specific family 

{i/o£ = Wo£ + ^^o^KgNU{0}} (2.10) 
satisfying the normalization condition'' fl2.9p 

- - ^ 

yoeVoe - i/ome = ^-r • (2-11) 
smt 

For any other normalized election of a family of linearly independent functions {yi = ue + 

^"i^^l^o '^^^ write (in terms of the Uoi and Vqi) 

ye(t) = Ui(t) + Wi(t) = aeuoeit) + PiVoi(t) + iljiUoiit) + SeVoe(t)] . (2.12) 

The normalization that we are choosing fl2.1ip gives the following condition for the real 
coefficients a^, Pi, 7^, and 6i 

aA-Pai = l, ^gNU{0} (2.13) 



I.e. 



eSL{2;R), £gNU{0}. 



As a set, SL{2,'R) is in one-to-one correspondence with §^ x and thus its elements can 
be factorized as 

^L(2, M) 9 f = f " "'""n' ) ( n -'1 1 (2-14) 

\le Oi J ysmOi cos&i J \ pf,^ J ' 

for a unique choice of pi > 0, z/£ e M, di G [0,27r). We will show in section [TTll that the 
rotation part defined by the angle Qi plays a trivial role in the quantization of the model. 
As a consequence of this we will concentrate on the other factor involving pi and Vi, 

yt{t) = Peuoiit) + {vi + ipJ^)vQi{t) , (2.15) 

and choose 

UQi{t) = -Lp^(cost), voi{t) = -l=Qi{cost) , £ G N U {0} (2.16) 

with Pi and Qi denoting the first and second class Legendre functions, respectively. As we 
will see in section UTTBI the different choices of {(p^, z/^) | £ G N U {0}} in (|215|) will parame- 
terize convenient complex structures that will allow us to construct the Fock representations 
for the quantum counterpart of the system. 



^ Though it is possible to choose a normahzation with the opposite sign (i 1— s- —i), it is irrelevant as far 
as the unitarity issues discussed here are concerned, and amounts to interchanging negative and positive 
frequencies. 
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B. Classical dynamics 

Let us consider now the classical time evolution of the system. Given two values of 
the time parameter < to < ti < tt, the evolution from to to ti can be viewed as a 
symplectomorphism T{to,ti) : F ^ F in the covariant phase space. It is possible to write 
T{toM) — ° '^t^ terms of the maps 3t that, given a value of t, identify the space of 
Cauchy data T with the covariant phase space F. This application (i) takes a solution of 5, 
(ii) finds the Cauchy data that this solution induces on (S^) by virtue of the variational 
principle, (iii) imposes them as initial data on ^^^(S^), and (iv) finally finds the corresponding 
solution of S. Explicitly, given 

oo 

0(t, s) = Y^ {am{t)Ym{s) + am{t)Yio{s)) G F , (2.17) 



the map 

a,-/:F^T, 0^(Q,P) = (2.18) 

is defined by 

oo 

Q{s) := 0(ti, s) = J2 {cLiyiiti)Ym{s) + aeye{ti)Yeo{s)') , (2.19) 

£=0 

oo 

P(s) := sinti 0(ti, s) = sinti ^ (at>yi{ti)Yio{s) + aiyi{ti)Yio{s)j . 

e=Q 

On the other hand 

3t,:T^T, {Q,P)^^ = 3to{Q,P) (2.20) 
is defined, in terms of the Fourier coefficients of (12.171) . by 

a,{to) = -ismtovM I \l\^'^Y,oQ + iyM I H^'^Y.^P . (2.21) 

By using fICTD and fl2:2T|l we finally get 

(7^,„,,)0)(t,.) := (a,„oJ-V)(t,5) (2.22) 

oo 

= [^i{io^ti)yi{t)Ym{s) + at{tQ,ti)yi,{t)Yi,Q{s) 



i=0 



where 



a^(to,ti) := -i[sinio?/£(ti)?/K^o) - sintit/£(to)l/Kti)]a£ (2.23) 
-i[snitQyi{ti)yi{tQ) - smtiyi(to)ye(ti)]ai . 



In the next sections we will try to find out if this classical evolution can be unitarily imple- 
mented in a Fock quantization of the system. 
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III. FOCK QUANTIZATION 

In the passage to the quantum theory we have to introduce a Hilbert space for our system 
that we will write as <S>iLo ^i- The Hilbert spaces J^i will be used to describe the gravitational 
modes {i = 0) and the massless scalar fields (i G N). These will be taken to be symmetric 
Fock spaces built from appropriate one particle Hilbert spaces. As they are all isomorphic, 
and all the massless scalars satisfy the same equation, the same construction will be valid for 
all of them so we will omit the i index in the following. Here we will follow the quantization 



steps discussed in section 2.3 of reference [19j in order to define a suitable separable physical 
Hilbert space for the quantum theory, as well as irreducible representations for the canonical 
commutation relations. As expected for scalar fields in non-stationary curved background 
space-times, the Fock representation obtained in this way is highly non-unique. 

In order to define the one-particle Hilbert space used to build the Fock space JF, let 
Sc := C®iS denote the C- vector space obtained by the complexification of the solution space 
S introduced above fl2.3p . The elements of Sc are ordered pairs of objects (0i, ^2) & S x S 
that we will write in the form^ $ := (pi + i(l)2 with the natural definition for their sum. 
Multiplication by complex scalars C 9 A = Ai + 1X2, Ai, A2 G M, is defined as 

A<l> := (Ai0i - A202) + «(A201 + Ai02)- 

We also introduce the conjugation ' : ^ Sc : (0i + i02) ^ (0i — "^02)- Vectors in Sc can 
be expanded with the help of the basis {0^ := y^Y^o, (pe := y^Y^oj^o introduced above as 

00 

* = ^ (aeyiYeo + beyeVm ) 

with ae, bi G C. The symplectic structure (12.41) defined on S can be extended in a linear way 
to Sr as 



Qci^i, ^2) ■= i (bua2t - b2eau^ 



For each pair $1, $2 ^ Sc the mapping 

(■|-):5cx5c^C, ($i,<l>2) ^ ($i|$2) := -^l^c($i,$2) (3.1) 

is antilinear in the first argument and linear in the second. It is not an inner product 
because it is not positive-definite. There are, however, linear subspaces of Sc where (-I-) is 
positive definite (and, hence, defines an inner product). Let us consider, in particular, the 
Lagrangian subspace 

00 

P:= {$G5c|$ = ^a£04. (3.2) 



Here i e C denotes the imaginary unit. 
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Here the restriction defines an inner product given by 

oo 

($i|$2) = J]ai£a2£, ^1,^2 eV. (3.3) 

The one particle Hilbert space TC-p is then the Cauchy completion of (V, {■\-)\v) w.r.t. the 
norm defined by the inner product. Notice that the set {(j)£ = yeYiQ | £ G N U {0}} becomes 
an orthonormal basis of TC-p satisfying (0^^ 10^2) = Finally, the quantum Hilbert 

space^ is given by the symmetric Fock space 

oo 
n=0 

where 7^^°° := C, and H^"^ denotes the subespace of Hp"' = ^^^iTip spanned by symmetric 
tensor products of n vectors in Ti-p (these are referred to as n-particle subspaces). Associated 
to the modes (p^ G Tip we have the corresponding annihilation and creation operators aj, 
with non- vanishing commutation relations given by [a^jjCiJ^] = 5{^l,^2)■ As usual, we will 
denote as |0) the Fock vacuum 1 © © © ■ ■ ■ G J^s{TCp) whose only nonzero component is 
1 G C and we will use a subindex V whenever we have to emphasize the dependence of these 
objects on the subspace V. The Fock vacuum |0) is in the domain of all finite products of 
creation and annihilation operators and the vectors 

V nl ^n! ■ ■ ■ '^n! 

where G N U {0}, (Vi, ^, . . . , ^Yi) G N'^, and ii ^ ij for i ^ j, provide a basis of J^siTlp). 
The basis vectors are normalized according to 

( V ■ ■ ■ V I W ■ ■ ■ 'm,,) = Sik, r) Siy'^'^m) ■ ■ ■ 6Cn,'^^'^m)5{i^, ■ ■ ■ 5(4, , 

where 5*^ denotes the set of permutations n of the k symbols {1,2, . . . , k}. Also, they satisfy 

al\ne) = y/n + l\ {n + , ae\ne) = ^/n\{n- l)e) . 

Notice that, using the notation introduced above, the modes (pi of the one particle Hilbert 
space Hp can now be considered as one-particle states that we will denote as \le) := a^|0) G 
J^siHp). 

A. Complex structures 

The previous construction for the one-particle Hilbert space is based on a non-unique 
choice (13. 2p for the subspace V of what are usually called "positive frequency" solutions to 



^ At variance with the T'^ case where some constraints must be taken into account we do not have any in 
this case. 
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the field equations. Since we are dealing with non- stationary space-times, it is not possible 
to select a natural subspace V by invoking a time translation symmetry. Furthermore, the 
deparameterization procedure does not provide extra constraints y/7|] that would generate 
residual symmetries useful to define a preferred choice of V. This fact manifests itself as an 
ambiguity in the formulation of the quantum theory, because different choices of V generally 
yield unitarily inequivalent Fock representations 191] . We will show here that every possible 
choice of the subspace V defined in (13. 2p is in correspondence with a S'0(3)-invariant complex 
structure on the solution space S, postponing to section IIVBI a discussion of the uniqueness 
of the representation. 

An equivalent way to deal with the splitting Sc = V ® V is to introduce a complex 
structure J : Sc ^ Sc, and define V and V as the eigenspaces associated to the eigenvalues 
+i and —i, respectively. The complex structure must satisfy the following conditions 

Jl) J is a C-linear map J : Sc ^ Sc satisfying = — Id^^,. 

J2) J induces a M-linear map S ^ S i.e. J$ = J<l> for all $ G Sc- 

J3) The sesquilinear form (13. ip restricted to the subspace corresponding to the i eigenvalue 
of J (that we denote as V) defines an inner product. 

In practice this complex structure is defined once a choice of modes like the one introduced 
above is given. For example, if we consider the family {i/o^j^o given by (12.100 and (12.160 . 
the set of functions {(poe = l/o^^^l^^o allows us to define a complex structure by 

Jo0o^ := i(f)oe , Jo0o€ := -i(f)oe . 

We will denote the vector spaces generated by 4>oe and (poe as Vq and Vq respectively. In 
principle a different choice for {ye}'^^ would give rise to a different complex structure. 
However this is not always the case. For example, if we obtain yi from yoi by the rotation 
appearing in the decomposition (12.140 of the S'L(2,M) matrices discussed above 

yi = Ui + ivi = cos 9iUoi - sin OiVoe + i{sm OeUoi + cos OiVqi) = e'^^'yoi 

the set {(pi = yiYeo}'^^ defines a complex structure J through 

J(pi:=i(pi, J(pi := -i(pi . 

Now it is straightforward to see that J(p£ = icpi Je^^'^(pQe = ie^^'cpQi and C-linearity implies 

J0o£ = i(pw i-e. J = Jo- 
Given the decomposition Sq = Vq (B Vq there are two antilinear maps that connect 
the spaces Vq and Vq that we denote (in a slight notational abuse) with the same symbol 
' : Vq ^ Vq : ipi ^-^ ipi and ' ■ Vq ^ Vq : ip2 ^ i'2- Each one of these maps is the inverse of 
the other and their composition is the identity for every element of Vq or Vq (i.e. ip = ip). 
With their help we can write the conjugation ' : Sc ^ Sc according to 

with ipi G Vq and ip2 ePq. The elements in the original (real) solution space S can be easily 
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characterized by using the previous conjugation as those of the form 




or, alternatively, as the real linear subspace of Sc given byiS = {<l'GiSc|$ = *i'}. 

Let us characterize now the complex structures in Sc with the help of the fixed decom- 
position introduced above Sc — Vq®Vq. In particular, every C-linear map J : <Sc — > »Sc 
can be written in the form 

where the maps Jab '■ Vh ^ Va are C-linear for a,b & {1)2}, and we have introduced 
the convenient notation Vi :— Vo and V2 '■= Pq- The necessary and sufficient condition 
to guarantee that the restriction of J to <S is R-linear is J$ = J$ for every $ e 5, or 
equivalently 

Jll0=J220, ^210 =-^120, 

i.e. 

-^22 = Jii , J12 = J21 , (3-4) 

where wc have used the notation Acf) := A(j) to denote the C-linear map A : Pt, ^ Pa {a, ^ h) 
obtained from the C-linear map A : Pa Pb- Finally the condition = — Id^^, requires 
that 

Jii + J21J21 — — Idi , J21J11 + J11J21 — . 

We will see in the next subsection how the symmetries of the problem help us fix the form 
of the Jab- 



B. Invariant complex structures 

Here we want to characterize those complex structures in the solution space S^^ of the 
field equation g"'ya^b4> = 0, invariant under the symmetries of -the spatial manifold in 
our (2 + 1) -dimensional description- without imposing the condition C„(f) — 0. As we will 
show, once this is done it is straightforward to restrict them to the solution space »S. To this 
end let us consider the complexified solution space S^'^ — Vq'^ © 'Pq'^ where 

j,KG _ ^KG ^ span{yoiYem K G N U {0}, m e {-i, 

_ pKG ^ spanivoeYem \£eNU {0}, m e {-£, ...,£}}. 

Here are the usual spherical harmonics on 

The elements (pa G Va'^, a = 1,2, are complex functions (pait^s) defined on (0,7r) x S^. 
There is a natural representation Da of SO{?>) in Va'^ defined by {Da{g)(j)){t, s) — (t){t, g~^-s) 
where g~^ ■ s denotes the action of the rotation g^^ G 50 (3) on the point s G S^. Then the 
natural representation of 5*0 (3) in S^'^ — V^'^ © ^2'^ can be written in matrix form as 
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in terms of the representations {Da,V^'^). The invariance of a C-hnear map J under the 
action of the group SO (3) imphes 

^ - ( t taS ) - ( ^it SS£ )■ • 

It is convenient now to expand the vector spaces V^^ as 

oo 

^<f^ = 0^a, a = 1,2, (3.5) 

1=0 

with 

:= span{|/oJ ® span{y£„ | m G {-£,...,£}}, 
V2 := span{?/oi;} ® span{Y£„ | m G {-£,...,£}}. 

This is useful because the operators Da{g) can be written as Da = ©^o-^a' where each of 
the (V^, -Dq) are irreducible representations. 

Denoting as 11^ the projectors on the linear spaces we can write the linear mappings 

Jab 

^ab ■- ^^a -Jabi-h ' ' b ^ ' a ■ 

We use now Schur's lemma^'^^ that directly implies that J^l'''^ = whenever ii ^ £2, Jai = 
Jaa^aa whcrc G C, {I^a deuotes the identity on V^) and J22 = Jii as a consequence of 
dfH). Also 

with jfg = J21 again as a consequence of (13.41) . In conclusion the general form of the mapping 
J is given by 

7 _ /TN f Jl2-^12 A 

^ V -'12-'21 Jll-'22 / 

where Jf^ denotes the identity operator in and the linear operators /^f, '■ T^i ~^ '^i ^^t 
according to /f2(2/o<? ® t") =yot®v and /lid/o^ ® f ) = i/o£ ® t^- 

The condition = — H^kg defining J as a complex structure gives finally the following 

restriction on and 

l/nP-|/i2l' = l, /ne*x{0}, /12GC. (3.6) 

Several comments are in order now. First of all as we can see, on each subspace ©7^2 the 
complex structure is completely fixed by a pair of complex parameters (jn, J12) subject to 



Schur lemma: Let Di{g) and 1)2(5) be two finite dimensional, irreducible representations of the group G in 
the complex finite-dimensional linear spaces Vi and V2. Let us suppose that a linear operator L : Vi V2 
'commutes' with these representations (i.e. D2{g)L = LDi{g), Vg G G). Then either L is zero or it is 
invertible. In this last case both representations are equivalent and L is uniquely determined modulo a 
multiplicative constant. 
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the conditions (13.60 : the remaining freedom is then parameterized by two real numbers. This 
is what we have found before by exphcitly considering the solution space and the choice of 
the families of functions and v^. It is straightforward to check that the complex structures 
naturally defined by these families of functions are in fact S'0(3) invariant. The previous 
argument then shows that they exhaust, in fact, all the possibilities. The choice ]\i G iM+ is 
equivalent to the normalization for the Wronskian of ut and f £ introduced above in equation 
(12. 9p and guarantees that the condition J3 in section IIII Al is satisfied. Changing the sign in 
the Wronskian corresponds to taking G iM_. 

The previous considerations apply to solutions of the Klein-Gordon equation without 
imposing the additional axial symmetry. This can be trivially taken into account at this 
point by realizing that it suffices to restrict ourselves to the one-dimensional subspaces (for 
each value of €) spanned by the spherical harmonics Y^o- 

Finally we give here the formulas that relate the parameters pi and vi to the definition of 
the invariant complex structure discussed in this section. Once a fiducial basis = yoi^io 
is chosen (12.101) any other complex structure defined by a different basis -satisfying the 
normalization condition (12.111) - can be written in terms of 0o^; by using (12.121) and (12.141) . 
as 

\(P0t J V 3l2 -'21 Jll -'22 / \<Pot J 

where 

/n = ^(«? + Pi + ll + ^l) = l^^l + P7' + pD , (3.8) 
/i2 = -{aeP, + ^A) + '-{I3j + 5| - a] - 7,') = -piV^ + '-{^1 + pf - pj) . (3.9) 

Notice that, as expected, the complex structures defined by (13.81) and (13.91) do not depend 
on the parameters 9i e [0, 2n) appearing in (I2.14p but only on the pairs {pi, ui) G (0, 00) x M. 
Notice also that these last formulas relate the invariant complex structures described here 
with the ones obtained in section 1111 Al by studying the mode decomposition in the solution 
space. 



IV. UNITARITY OF THE QUANTUM TIME EVOLUTION AND 
UNIQUENESS OF THE FOCK REPRESENTATION 

We discuss in this section the unitarity of the quantum evolution for the classical system 
described in section [IT] corresponding to the reduced phase space of the Gowdy models 
coupled to massless scalar fields with x §^ and spatial topologies. We also study the 
uniqueness (after re-scaling of the field) of the Fock representation under the requirement, 
on the complex structures, of S0{3) invariance and unitarity of the dynamics. 

It is well known [201] that not every linear symplectic transformation T defined on the 
infinite dimensional symplectic linear space F can be unitarily implemented in a Fock quan- 
tization of the system. Let T : F ^ F be a continuous linear symplectic transformation. 
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Given any point 

oo 

<P = ^(^ (^iVi^eo + aeyeYm ) ^ ^ , (4.1) 



£=0 

the action of T can be written in the form 



£i=0 

where the complex coefficients 



oo 

T(f) =^ (^ae^ (a, a)yi^Yi^o + ai^ (a, a)?/^ Y^.c 



oo 



i2=0 



must satisfy certain conditions to ensure the continuity. T is implementable in the quantum 
theory as a unitary operator, i.e. there exists a unitary operator Ur : J^si'Hv) — ^ J-'s{'Hp) 
such that 



£2=0 



if and only if Jp — T ^aJyoT is Hilbert-Schmidt (here J-p is the complex structure associated 
to the V subspace) [l9|, 2^- Equivalently this can be expressed as 

00 00 

EEi/^(^i'^2)r<oo. 

^1=0 £2=0 

This condition for the unitary implementability of the symplectic transformation Ti^to,ti), 
that defines the time evolution on F, can be written from fl2.22p and fl2.23p as 

00 00 

^\Pe{to,'ti\y£)\^ = ^\smtoy£{ti)ytito) - smtiyi{to)y£{ti)\'^ < 00, Vto,^i e (0, vr) , (4.2) 
£=0 £=0 

where Pe{to,ti\y£) := smtoye{ti)ye(to) — smtiy£{tQ)yi{ti). At this point we have to study the 
convergence of the previous series. To this end let us consider the imaginary part of the 
coefficients Pi, by using the expression (12.151) for yi it is possible to identify the dependence 
of lm{Pi{to,ti\yi)) on the choice of complex structure -parameterized by {pi,ui). This is 
given by 

lm{(3e{to,h\yi,)) = Ae{to,t^) + 2pfuMto,t,) , (4.3) 

where 

Ae{to,ti) := smto[uoi{ti)voe{to) + Uo£ito)voi{ti)] - smti[uoi{to)voe{ti) + voi{to)uoe{ti)] , 
Bi(to,ti) := smtoVoe(ti)vo£{to) - smtiVoe{to)voi(ti) . 
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The explicit form of Ag and Bi, derived in a straightforward way from fl2.16p . is 

i + 1 r 

Ae{to,ti) = ^(^P£+i(costi)(5^(costo) - ^^+i(costo)<5^(costi) (4.4) 

+P^(costi)[(costo — costi)Q^(costo) — Qe+i{costo)] 
+P^(costo)[(costo - costi)Q£(costi) - (5f+i(costi)]j , 

i+1 f 

Bi,{to,ti) = -^[Qe{costi)Qi,+i{costo) 

— [(cos to — costi)(5f (costi) + (5^+i(cos)f:i)]Q£(cos)f:o)^ • 

By using the following asymptotic expansions for the first and second class Legendre func- 
tions {e < t < TT - e, e > 0) ^] 

we find that, for £ — oo, 

T /^/ I XX Isintn — sinti . , ,„x / xn 

lm{(3,{to,h\ye)) ~ -- ,.° . > sm[(£ + l/2)(to + ti)] 

nuip^ ^ / ^.^ ^^^^^^ ^ ^^2^^^ ^ ^^^^ ^.^^^^ ^ ^^2)^^ + ^/4] 

2vsinto sinti V 

- sinti cos[(£ + l/2)to + 7r/4] sin[(^ + l/2)ti + 7r/4]) . 

The asymptotic behavior of lm(Pi(to,ti\yi)) leads us to conclude that irrespective of the 
choice of (p^, z/^) we have that Im(/9£(to, ^ill/^)) is not square summable and hence time evo- 
lution cannot be unitarily implemented for any choice of 5'0(3)-invariant complex structure. 



A. Conformal field redefinitions 

We will show now that we can avoid this negative conclusion much in the same way as in 
the three-torus case, i.e. by introducing a redefinition of the fields in terms of which the 
model is formulated [l3]. In our approach this redefinition is suggested by the functional 
form of the conformal factor sint appearing in the auxiliary metric Qab (12. ip . In the following 
we will reintroduce the index i that labels the gravitational scalar [i = 0) and the matter 
scalars {i = 1, . . . ,N) and consider the new fields 

:= V sin tcpi . 

The field equations are now 



(4.6) 
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They can be interpreted as the equation for a scalar, axially symmetric field with a time- 
dependent mass term ^(1 + csc^t), evolving in (0, vr) x with the regular -i.e. extensible 
to M X background metric 

flab = -{dt)aidt)b + 'Jab ■ 

Notice that the mass term is singular at t = and t = vr but has the correct sign for all 
t G (0, tt). This field redefinition can be incorporated in the model at the Lagrangian level by 
substituting 0j = ^j/\/sint in the action (12.21) to get the corresponding variational problem 
in terms of the new fields 

N „ 

^(6) = / |^r/V'((d6)a(d6)6-(dlogsint),(de.),6 (4-7) 



+ ^(dlog sint)„(dlog sint),,^^ 



We will follow now the method used in the preceding sections for the original fields. Some 
details will be omitted owing to the similarity with the previous derivations. Let us consider 
then the space of smooth and symmetric real solutions to equation (14. 6 p and expand 
^ G iS^ as 

oo 

e(t, s) = Y, {hiZt{t)Y,o{s) + hz,{t)Y,^{s)^ , (4.8) 

where Zi{t) are complex functions satisfying the equations 

Zi + Q(l + csc^ t) + i{i + l)^ze = 0. (4.9) 

The functions zi can be easily written in terms the functions yi appearing in (12. 7p and 
satisfying (12. lip 

ze{t) = V sin tyi(t) . 
We immediately find that the Wronskian is now normalized to be 

zezi - ZiZi = i . (4.10) 

This allows us to write the symplectic structure in S^, derived from (14. 7p . as 

» oo 

^d^u 6) = I l7r/'< (66 - 66) = ^ J2(^iib2e - hebu) , V^i, 6 e . 
Classical evolution 

We can consider now the classical functional time evolution operator T(to,tx) • ^ in 
the covariant phase space = {S^, fl^). As before, we will write it in the form 

oo 

{T^to,h)0{t,s) := {be{to,ti)ze{t)Y,o{s) + be{to,h)ze{t)Yio{s)^ • (4.11) 

£=0 



In this case, the map 7{to,ti) ~ -^to ° -^h is constructed from 
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Z;^^:T^^T, e^(g,P)=;j-/(0, (4.12) 



defined by^^ 



oo 

Q{s) := s) = J2 (bMh)Yeo{s) + b^^^^t^WU^) , (4-13) 
P{s) := e(ti,s)-^cottie(ti,s) (4.14) 

" 2 



(^fe^^K^i) - ^cotti2;£(ti)]y|.o(s) +64^^^!) - ^cottiZe{ti)]Yeois] 



and from 

:^t,:T^T^, {Q,P)^^ = :^M,P) (4.15) 
defined, in terms of the Fourier coefficients bi of ^ (14. Sp . by 

beito) = -t[Mto)-lcottoZe{to)] [ \i\''^Y,qQ + iZi{h) I \i\^'^YmP ■ 
From these expressions we obtain 

be(to,ti) = -i 2;^(ti)(^l£(to) - ^cotto^K^o)) - ^Kio)(i;K^i) - ^cotti2;^(ti)j be (4.16) 



2 ' V "'V 2 

1 , A 1 



-i Zi{ti) (^ze{to) - -cottoZi{to)^ - Zi{to) (^Zi{ti) - -cottiZi{ti) 

Quantum evolution 

We will analyze the continuity of the symplectic transformation defined by (14.111) and 
(I4.16P at the end of this section and consider first the unitarity condition for the quantum 
evolution in the corresponding Fock space quantization 

oo oo 

J2\PKto,ti\ze)\' = J2 {^e\(3l{to,h\ze)) + lm\f3^,{to,h\ze))) < oo , (4.17) 

for all to,ti G (0, vr), where 

p^^{to,ti\zi) := ze{ti) (^zi{to) - ^ cot to^^K^o)) - Z(.{to) (^Z(,{ti) - ^cottiZe{ti)^ . (4.18) 
The general solution of equation (14.90 with the normalization (I4.10p can be written, again. 



Notice that the space of Cauchy data for the ^-field equations is also T. 
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in terms of associated Legendre functions fl2.16p in the form 

Zi(t) = peV^nt UQ£{t) + {ug + ipJ^)Vsmt Voe{t) 
= Piuw{t) + {vi + ipJ^)vQe,{t) , 

where, as above, > and i/^ G M parameterize different choices of one-particle Hilbert 
spaces, and we have defined uqi := a/ sin tu^i and vqi := Vsin tvoi. We have to discuss now 
the convergence condition expressed in (14 .171) . Let us consider first 

Im(/?|(to,tik£)) = if(to,ti) +2z/£p7^5£(to,ti) 

where 

+ -(cotti - cot to) {uoeiti)voe{to) + uot{to)vQ^{ti)) , 
Bi{to,ti) := voi{ti)voi{to) - voe{to)voi{ti) + ^(cotti - cotto)voe{to)voe{ti) ■ 

The asymptotic behavior of Ae and i?^ as £ — > oo can be obtained from (14. 5p and f l2.16p 

Mto,ti) ~ ^(cotti-cotto)cos[(£ + l/2)(to + ti)], (4.19) 
Beito,ti) ~ ^sin[(£ + l/2)(ti-to)]. (4.20) 

We then conclude that lm{f3^{to,ti\zi)) is square summable if I'ipj^ ~ i^"' (with a > 1) 
when £ — s> oo. For the real part we have 



„ . . . . _ . 1) 

where 

Ce(to,ti) := UQi>{ti)uQt,{to) - uoe{to)uoi(ti) + ^(cotti - cotto)uoe{to)uoe(ti) 

~ -sin[(£ + l/2)(ti -to)], when^^cx). (4.21) 

TT 

The asymptotic behavior as £ ^ oo of Re(/3|(to, ^il-z^)) can be obtained now from fl4.19l) . 
fl4.2Up . and (14.210 . If we choose now pi in such a way that 

I and z/£ ~ (a > 1) as i ^ oo (4.22) 

we also guarantee that Re{f3^{to,ti\zi)) is square summable, and hence (3^{tQ,ti\z£). 

We end this section by showing that the linear symplectic map T(^to,ti) continuous in 
the norm 1 1 ■ 1 1 = a/ (■|-)|-p associated to the inner product (13. 3p for the complex structures 
characterized by the pairs {pe, v^) verifying (I4.22p . That is, there exists some K{tQ,ti) > 
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\\K{T^to,t.^O\\ < K{to,h)\\Km 

for all ^ E S^, where k : S^^, is the C-linear projector defined by the splitting S^^ = 

V^®V^. By using ( 14.1ip and ( ]4.16p it is straightforward to show that 

oo oo 

M'^itoMM'' = Yl Mto,ti)\' < Yl {\Mto,h\zi)\' + \PKto,h\zi)\')\bi\' (4.23) 

where 

al{to,ti\zi) := Zi{ti)(^k{to) -^cottoze{to)^ - ze{to)(^zi{ti) - ^cottiZi^ti] 

and P^(tQ,ti\zi) is given by f l4.18p . We have shown above that the sequence 
{\PiitQ,ti\ze)\'^}'^Q is bounded (actually square summable) so if we can see now that 

{|a^(to, ^i|-2^)P}£^o is ^ls° ^ bounded sequence the continuity oiT(^to,ti) follows directly from 
equation (14.231) . By expanding zi = peUoi + {vg, + ip'[^)voi -and making use of (14. 6p . (14.191) . 
(lt20|) . (lOTil . and (1412^ - it is possible to show that 

Re{al(to,ti\zi>)) = pjCe^to^ti) + peUeAe(to,ti) + {u^ + pj'^)Bi(to,ti) 
~ sin[(£ + 1 /2) (ti - to)] when i ^ oo , 

+ ^(cotto - cotti) (uoe{ti)voe{to) - uoe{to)voe{ti)^ 
~ cos[(^+ l/2)(ti -to)] when £ ^ oo . 
From these equations it is clear that there exists a K'^{tQ,ti) > such that 
\4{to,h\ze)\^ + \(3l{to,h\ze)\^ <K\to,h), V£ G N U {0} . 

Then, using fl4.23p. we get that \\n{T(^toM)0\? < -^^(^o, ii)lKOlP) and hence T(^toM) is 
continuous. In conclusion, by imposing suitable conditions (14.220 on the parameters pe and 
ui, it is possible to find SO (3) -complex structures (and, hence, subspaces V) such that the 
quantum dynamics can be unitarily implemented in J-'s{T-C-p). 



B. Uniqueness of the Fock quantization 

We will show in this section that any two Fock quantizations of the field ^ corresponding to 
S'0(3)-invariant complex structures, for which the dynamics can be unitarily implemented, 
are equivalent. To this end, let us recall some properties of the S'0(3)-invariant complex 
structures considered in section IIIIBI Given any invariant complex structure J, it is pos- 
sible to characterize its action on the fixed basis 0o£ that defines the complex structure 
Jo. This action is given by equation (13.70 . As we can see there exists a linear symplectic 



20 



transformation Tj connecting them, so that J = Tj o JqoTj^. Exphcitly 

^-e (ill ill). (-^) 



1=0 



with 



:= + |j^]^|)/2 (up to multiphcative phase) 



2(rf). • 

Notice that Jo, defined by the set of functions {zQe(t) = uoe(t) + ^^o^j^O' corresponding to 
pe = 1 and i>£ = 0, does not lead to a unitary implementation of dynamics. In this context, 
it is fixed just to compare different complex structures. Let us consider then any two 5*0(3)- 
invariant complex structures, J and J', for which the dynamics is unitary. They will define 
unitarily equivalent quantum theories if and only if the linear symplectic transformation 
Tjj' := Tj o Ty,^ connecting them through J = Tjji o J' o Tjj, is unitarily implement able. 
This is the case if the sequence 

is square summable. Taking into account the relations (13.81) and (13. 9p . as well as the asymp- 
totic behaviors (I4.22p . the previous condition is indeed verified, so the quantum theories 
defined by J and J' are unitarily equivalent. 



C. Normalizability of the action of the Hamiltonian on the vacuum state 

We discuss here an interesting feature of the quantum dynamics for these systems: The 
fact that, even though the evolution is unitarily implemented, the time-dependent quantum 
Hamiltonian, constructed from the classical one by following the standard rules of quantiza- 
tion, has the striking property that Fock space vectors corresponding to a finite number of 



particle-like excitations do not belong to its domain. This also happens in the case 13 

The classical Hamiltonian on the canonical phase space T in the ^-description of the 
system is derived from the action (14. 7p . It is given by 

H{Q, P;t) = l- [ |7|i/2 ^p2 ^ ^ pQ _ QAs^g) . (4.25) 

2 JS2 

Notice that the time-dependent (non-autonomous) Hamiltonian (14.251) is an indefinite 
quadratic form with a cross term involving Q and P. Let us discuss now the quantum 
Hamiltonian. To this end we first write the formal quantum version of (14.131) and (I4.14p 
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that should be understood as operador-valuated distributions on for each value of t 

oo 

Q(t,s) := ^ U{t)Y,^{s) be + Zfit)Yeo{s) 



oo 



1 1 

P{t,s) := J2 ([^K^) - - cot tZi{t)]Yeo{s) hi +[ze{t) - - cott2;,(t)]r,o(s) 6{) , 
e=o 

where be and 6^ are the annihilation and creation operators associated to the modes ^e = 
zeYeo, respectively. Substituting these expressions in fl4.25p . and after normal ordering, we 
find 

H{t) = 2 E (^^(^) + ^^(^) + ^G'Ki) blbe) , (4.26) 



£=0 



where 



Ke{t) := {ze{t) - ^cottze{t)Y + i{i + l)z^,{t) + cott{ze{t) - ^ cot tze{t))ze{t) , (4.27) 
Ge{t) := \ze{t)-^cottze{t)\^ + £{i + l)\ze{t)\' 

+ ^ cot t(^{ze{t) - ^ cot tze{t))ze{t) + [ze{t) - ^ cot t ze(t)) ze{t)y 
The action of the quantum Hamiltonian on the vacuum |0) is now 

oo 

H{tm = -=j2 Kerne), 

e=o 

where ^/2\2e) = b^^ |0). The state H^(t)|0) will be normalizable if and only if 

oo 

^|ir,(i)l'<oo. (4.28) 



^=0 



Taking into account the asymptotic behaviors of the Legendre functions (14. 5 p when £ — > oo, 
and imposing the conditions pe ~ A/vr/2 and ve ~ discussed above to guarantee the 
unitary implementation of the time evolution, we get 

ze{t) = peVsmtuoe{t) + {ue + ipJ^)Vsmtvoeit) ~ — ^exp ( - + l/2)t - n/A]) , 

V 2£ ^ ^ 

ze{t) - ^ cot tze{t) ^ -t^exp t[{e + l/2)t - 71 /A]^ . 

It is straightforward now to compute the asymptotic behavior of Ke{t) defined in fl4.27p 
and also check that condition fl4.28p is not satisfied. We then conclude that the Fock space 
vacuum does not belong to the domain of the Hamiltonian for any time t G (0, vr) and, 
hence, the action of the Hamiltonian on n-particle states is not defined either. 
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It is important to point out that it is possible to consider the definition of the quantum 
Hamiltonian in a more mathematical framework. It is well known that the unitary evolution 
operator tJ{to,ti) can be derived from the evolution of creation operators in the Heisenberg 
picture and the evolution of the vacuum state. Furthermore, the vacuum evolution can be 



written in closed form as in [22, l23| and is given by a completely analogous formula. As 
expected in a non-autonomous system, the vacuum state (and, hence, n-particle states) is 
not stable under time evolution. After computing the explicit form of the evolution operator, 
it is possible to study the differentiability of U(to,ti) in a rigorous mathematical sense and 
then, whenever U is differentiable, we can define the quantum Hamiltonian of the system. 
This is beyond the scope of the present paper. 

We end this section by noting that the covariant phase space defined by (14. 7p can be 
equivalently derived from the simpler action 

soio = -\l m''^^Hmam,+-ii+cscH)e). (4.29) 

This variational principle gives a time-dependent, positive definite, diagonal Hamiltonian of 
the form 

^o(g, p-^i) = \ 171'/' [p'' + Q [^(1 + esc' t) - As^] . 

There are no subtleties associated to the domain of the quantum counterpart of Hq in the 
sense that now the Fock space vacuum belongs to the domain of the Hamiltonian. The action 
principle (14.291) is related to the Einstein-Hilbert action for the Gowdy models (12.21) through 
a field redefinition. In fact both actions can be connected by a time-dependent canonical 
transformation though nothing guarantees that this can be unitarily implemented, in which 
case the quantizations would be different. 



V. CONCLUSIONS AND COMMENTS 

As we have shown in the paper there is a very natural framework to discuss issues related 
to the unitary implementability of dynamics in the compact Gowdy models. The key idea 
is to use a covariant phase space approach where the solutions to the field equations play 
the main role. The best way to describe these solution spaces [13] is by rewriting the field 
equations in terms of certain auxiliary background metrics that are conformally equivalent 
to some specially simple and natural ones. For the case, this metric is the fiat metric on 
(0, cxo) xT^, and for the xS^ and examples the metric is the Einstein metric on (0, vr) xS^. 
It is important to highlight the fact that this is possible as a consequence of the symmetry 
left in the model after its reduction to (1 + 2) -dimensions. This symmetry is generated by 
the Killing field remaining after the Geroch reduction from (1 + 3) to (1 + 2) dimensions. An 
advantage of this approach is the fact that the time singularities of the metric are completely 
described by the time-dependent conformal factors. The metric becomes singular whenever 
they cancel. This ultimately explains why a simple field redefinition involving precisely 
these conformal factors suffices to cure the problems associated with the quantum unitary 
evolution. In fact a conformal transformation defined with the help of these conformal 
factors shifts the singularity of the metric to one appearing in a time- dependent potential 
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term that becomes singular when the full metric does. 

A first result of the paper is a proof of the fact that the impossibility to get unitary 
dynamics in terms of the original variables that naturally appear in the description of the 
model is insensitive to the choice of the cornplex structure used in the quantization. This 
result generalizes the conclusion reached in IJ] for the case to the topologies considered 
here (S^ x §^ and S^). The starting point of the approach that we develop in the paper is to 
consider the possibility of achieving unitary quantum evolution by making an appropriate 
choice of complex structure; only when this fails are we forced to introduce new variables to 
describe the system^^. It is interesting to point out in this respect that the type of unitarity 
problem discussed here cannot always be fixed by time-dependent redefinitions of the type 
used in the paper; in fact it is possible to give examples (a massless scalar field evolving in a 
de Sitter background) where this is not the case |2^]. The ultimate reason why the method 
used here does not work in these other models is the fact that the time-dependent potential 
written in terms of the new fields is not as well behaved as the ones that show up in the 
treatment of the Gowdy models. 

A second point that we want to comment on is the uniqueness issue. In the case of the 
Gowdy models the presence of a constraint, and the corresponding symmetry generated 
by it, gives the possibility of introducing a physically sensible criterion to select the complex 
structure: invariance under this symmetry [ij]. This is not the case for the other compact 
topologies that we consider here for which, as we showed in 17| , there are no extra constraints 
after deparameterization. It is important to realize in this respect that we have used the 
SO (3) symmetry associated to the background metric to select a preferred class of complex 
structures. 

Notice that at this point we still have many different S'0(3)-invariant Fock quantizations 
J-'s{Hp) labeled by V that, in principle, are not guaranteed to be equivalent. In such a 
situation we would need an additional criterion to pick one. Once we require that the 
quantum dynamics is unitary we find that all of them are unitarily equivalent. 

A final comment is to note that the same scheme followed here works in the case 
(with or without massless scalar matter). For the vacuum case one directly recovers several 
interesting results discussed in the literature for this system. 
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